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A Fourier series is an expansion of a periodic function f(x) in terms of an infinite sum of sines and cosines. The
base equation for a Fourier series is...

f(x) = Ao+ Ay cos(x) + By sin(z) + Az cos(2x) + Basin(2x) + Az cos(3x) + Bssin(3z) + ... (1)
Note that a periodic function is a function that repeats its values after every interval.

We can rewrite Equation (1) above as the following infinite series...
o0 o
J@) = Ao+ Ancos(nz) + 3 Busin(m) )
n=1 m=1

Note that for Fourier series the values of m and n in Equation (2) above will be positive non-zero integers.

Constant Term

To derive the value of the constant term A in Equation (2) above we will take the integral of both sides of that
equation over the periodic interval [0,2 7] (note that the sine and cosine functions have a period of 27)...

27 27 27 27

/f(x) oz = /Ao ox + i An/cos(nx) oz + i Bm/sin(mx) ox (3)
0 0 n=l % m=1 9
Note the solutions to the following integrals... [1]
27 27
/sin(n x)déx =0 ..and... /cos(m x)ox =0 (4)
0 0

Using the integral solutions in Equation (4) above, we can rewrite Equation (3) above as...

27

27 50 50 27
/f(:c)&x:/Aoéa:—l—ZAnxO—i—ZBmXOZAO/éx (5)
0 n=1 m=1 0

0
The solution to Equation (5) above is...

2T

/f(x)éx:Ao(Qw—O):AO%T (6)

0
Note that we can rewrite Equation (6) above as...

27
Ag = 2L / f(z) dx = Average value of f(x) over interval [0, 2 7] (7)
™
0



Cosine Terms

To derive the value of the cosine terms B,, in Equation (2) above we will multiply both sides of that equation by
cos(mx)...

f(z) cos(ma) = Ay cos(mzx) + Z Ay, cos(nx) cos(mx) + Z By, sin(mx) cos(max) (8)
n=1 m=1

We will then take the integral of both sides of Equation (8) above...

27 27 0 27 50 27

/f(x) cos(mx) AO/COS (mz)dx + Z An/cos(n x) cos(mx) dx + Z Bm/sm ) cos(mz)dz  (9)
0 0 n=l 0 m=1 9
Note the solutions to the following integrals... [1]
2m 2
/cos(mx) 0z =0 ..and... /sin(n x) cos(mz)dxr =0 (10)
0 0
Using the integral solutions in Equation (10) above, we can rewrite Equation (9) above as...
27 27 ~
/f( ) cos(mz) dx = Ag X 0+ ZA,L/cos(nx) cos(mzx) 0x + Z B, x0
0 n=1 0 m=1
- 27
= ZAn/cos(nx) cos(mzx) 0x (11)
n=1

Note that we can rewrite Equation (11) above as...

2T 00 27

/f(a:) cos(mz)dx = Z An/cos cos(mz)dz ..when..n #m
0 n=l 0
2m
+ A, /cos cos(ma) éx ...when..n =m (12)
0

Note the solutions to the following integrals... [1]

2m 2m
/cos cos(mzx)dxr =0 ..when... n#m ...and /cos cos(mz)dr =7 ..when... n=m (13)
0 0

Using the integral solutions in Equation (13) above, we can rewrite Equation (12) above as...

27 0o
/f(as) cos(mx)5z:ZAnx0+Am7T:Am7r (14)
0 n=1

Note that we can rewrite Equation (14) above as...

27

/f(ac) cos(mz) oz (15)

0

1
A = =
™
Sine Terms

To derive the value of the sine terms A, in Equation (2) above we will multiply both sides of that equation by
sin(m x)...

f(z) sin(nx) = Ag sin(nz) + Z Ay, cos(nz) sin(nz) + Z By, sin(mx) sin(n ) (16)

n=1 m=1



We will then take the integral of both sides of Equation (16) above...

27 27 0 27 50 27

0 n=1 0 m=1

Note the solutions to the following integrals... [1]

[ V)

T 27

sin(mx) dz = /sm ) cos(mzx)dx =0
0

o

Using the integral solutions in Equation (18) above, we can rewrite Equation (17) above as...

2m 2m
/f(x) Sln(nx)éw—AOXO—i—ZA ><0+ZBm/sm ) sin(nz) dx
0 n=1 m=1 0
00 2w
= Z Bm/sm ) sin(nz) dx
m=1 0

Note that we can rewrite Equation (19) above as...
/f(x) sin(mz) dx = Z B, /sm x) sin(nz)dx ..when..n #m
=1 0

27
+ Bm/sm(n x) sin(mz) 6z ...when..n =m
0

Note the solutions to the following integrals... [1]

no

™ 27

o

Using the integral solutions in Equation (21) above, we can rewrite Equation (20) above as...

2m 50
/f(x) sin(m z) dz = Z B, x0+4+ Bpm= By
0 m=1

Note that we can rewrite Equation (22) above as...
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